We perform a high-precision calculation of the phase shifts for π-π scattering in the I = 1, J = 1 channel in the elastic region using elongated lattices with two mass-degenerate quark flavors (N f = 2). We extract the ρ resonance parameters using a Breit-Wigner fit at two different quark masses, corresponding to mπ = 226 MeV and mπ = 315 MeV, and perform an extrapolation to the physical point. The extrapolation is based on a unitarized chiral perturbation theory model that describes well the phase-shifts around the resonance for both quark masses. We find that the extrapolated value, mρ = 720(1)(15) MeV, is significantly lower that the physical rho mass and we argue that this shift could be due to the absence of the strange quark in our calculation.
I. INTRODUCTION
A large experimental and theoretical effort is dedicated to measuring scattering cross-sections in different channels, extracting phase-shifts, and determining the parameters for resonances. Lattice QCD calculations can be used to complement this efforts by providing input that is either difficult to measure directly or not accessible in experiments, for example by using non-physical quark masses which can help develop better phenomenological models. In this study, we will focus on the ρ(770) resonance in the isospin-1, spin-1 channel for pion-pion scattering. This resonance was the subject of a number of lattice QCD calculations [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] , with the results for phase-shifts becoming more and more precise and the quark masses getting closer to the physical point.
Scattering information is determined from lattice QCD indirectly by computing the energy of the two hadron states in a finite box with periodic boundary conditions. In a series of papers Lüscher derived a formula connecting the two-hadron energy states with the phase shift, valid up to exponential corrections that decrease with volume [13] [14] [15] [16] . The formula was originally developed for two particle states with total zero momentum in a cubic box and it was latter extended to non-zero momentum states (boosted frame) [17] and asymmetric (elongated) boxes [18] . These extensions were developed to extract phase shifts in different kinematic regions, where the relative momentum of the scattering particles is smaller that in the original setup when using similar lattice volumes. In this study, we use elongated boxes and extract phaseshifts both for zero-momentum states and for boosted states, states with a moving center-of-mass, so that we can finely scan the phase shift pattern around the resonance region. * aalexan@gwu.edu † ramope71@gwu.edu ‡ doring@gwu.edu § guodehua@gwu.edu
Our study is carried out using N f = 2 dynamical configurations with nHYP fermions [19] . This study extends a previous calculation [5] by adding a larger base of interpolator fields and a set of ensembles at lower pion masses. Using two different sea quark masses allows us to extrapolate to the physical point. The need for a larger interpolator field basis is discussed below.
To obtain the energy spectrum of a resonance in a specific scattering channel, the choice of the interpolating fields is nontrivial. The interpolating fields should not only have the correct symmetries but also have enough overlap with the relevant eigenstates of the system. For example, it is known (and our study confirms it) that the quark-antiquark (qq) operators do not have enough overlap with the few lowest energy states in the channel studied in this paper and two-hadron interpolator fields are required. Moreover, as the pion mass becomes smaller, more multi-hadrons states appear near and below the resonance region. As a result, more and more multihadron operators have to be included in order to capture these states. For the channel studied in this paper, twopion states with different scattering momentum have to be included to resolve the energy spectrum near the ρ resonance region.
The large interpolating field basis leads to a large number of correlation functions that need to be evaluated using lattice QCD techniques. The most computational demanding diagrams are the four-point correlation functions that arise from Wick contractions generated by the two-hadron interpolating fields. These diagrams require knowledge of the quark propagator from all points on the lattice to all other points. Direct evaluation of this allto-all propagator is impractical. The standard techniques used to overcome this problem are stochastic evaluation or Laplacian-Heaviside (LapH) smearing [20] , which only require the evaluation of the quark propagator in a smaller subspace. In our previous study [5] we used a stochastic method, but we decided to use LapH method in this study. The advantage of the latter method is that it separates the calculation of the quark propagator from the evaluation of the hadronic correlation functions and it allows arXiv:1605.03993v2 [hep-lat] 21 Jul 2016 more flexibility in constructing the interpolator basis.
Note that in this study we use dynamical configurations with two mass-degenerated fermions (N f = 2) and the effects of the strange sea quarks are not included. This is not ideal if one wants to compare the results with the physical ones but it does have some advantages. First, it has the advantage that the Lüscher equation can be used in the entire region below the 4m π threshold because the KK channel is absent. Secondly, the results of this study allow us to gauge the impact of the strange quark on the properties of the ρ resonance. As we will show, at least in some respects, the absence of the strange quark leads to surprisingly large effects.
We analyze two sets of ensembles with different sea quark masses: one corresponding to m π = 315 MeV and the other to m π = 226 MeV. For each pion mass we use three ensembles with different lattice geometry. For each ensemble we analyze states at rest P = (0, 0, 0), and states moving along the elongated direction with momentum P = (0, 0, 1). For each case, we use four differentinterpolators and two or three π-π operators in the variational basis. We extract the lowest three or four energy states using the variational method [15] . For each energy we compute the associated phase-shift and then extract the resonance parameters using both BreitWigner parametrization and a unitary chiral perturbation theory (UχPT) model based on Ref. [21] .
The outline of this paper is the following: in Section II, we discuss the technical details of our analysis. In Section III, we present the results for the energy spectrum and the associated phase shifts. In Section IV, we discuss the extraction of the resonance parameters and the extrapolation to the physical point. In Section V, we present our conclusion and discuss future plans.
II. TECHNICAL DETAILS A. Phase-shift formulas
As we mentioned in the introduction, Lüscher derived a relation between the two-hadron state energies and their scattering phase-shift [16] . In this study we use extensions of this formula to elongated boxes and to states boosted along the elongated direction. In this section we collect the relevant formulas.
In a finite volume box with periodic boundary conditions, the internal symmetries such as flavor and isospin are the same as in the continuum. However, the spatial symmetries are reduced to the symmetry group of the box (at least for zero-momentum states). In this study, we consider boxes elongated in one direction, which we take to it be the z-direction. For this geometry the rotational symmetry is reduced to the D 4h group which is a subgroup of the full rotation group SO(3). In this case, the multiplets transforming under the irreducible representations (irreps) of the SO(3) group are no longer irreducible under the action of D 4h group. Instead, they are split into multiplets corresponding to irreps of the D 4h group. The resulting split for the lowest angular momentum multiplets is listed in Table I . The ρ resonance has angular momentum l = 1 and negative parity. The irrep l = 1 will split into A − 2 and E − irreps. A − 2 is a one-dimensional irrep and the lowest states in this channel correspond to π-π states with a back-to-back momentum along the elongated directions. E − is a two dimensional irrep and the lowest states in this channel correspond to pions moving in the two transversal directions. These later states change very little when varying the elongation of the box. Since we want to vary the scattering momentum using the elongation of the box, we will focus on states in the A − 2 irrep. We note that the states in the A − 2 irrep belong to different irreps of SO(3). From Table I we can see that the A − 2 irrep couples not only to l = 1, but also to other higher angular momentum channels such as l = 3, l = 5, and so on. However, to study the ρ resonance, we are interested in two pion states with relatively small scattering momenta. In this energy region the phase-shifts for the l ≥ 3 channels are small and their contribution can be safely neglected.
Lüscher's formula for zero-momentum states in asymmetric boxes was derived previously [18] and the possibility to use elongated boxes to scan resonances was also considered in Ref. [22] . We present here the form for elongated boxes, with geometry L × L × ηL, we used in our previous study [5, 23] . We use the generalized zeta function
where the harmonic polynomials are
The phase shift formula relevant for the A
where the W function is
The normalized pion momentum q is defined in terms of the pion momentum k,
where E is the energy of the two-pion state and m π is the pion mass. For boosted states with total momentum P , the relativistic effects contract the box along the boost direction [17] . In the case of an elongated box a boost in a generic direction will further reduce the symmetry group from D 4h to a subgroup which depends on the direction of the boost. In this study, we consider states that have a non-zero momentum parallel with the elongated direction. In this case, the length contraction affects only the elongated direction. Therefore the boost does not change the rotational symmetry group which is still D 4h . As a result, we can still focus on the A − 2 irrep and use the same phase shift formula as in Eq. 4 with a slight modification.
For the boosted states in a cubic box with momentum P = (2π/L)d, where d is a triplet of integers, the relevant zeta function is
where
The projectorγ −1 is defined aŝ
The Lorentz boost factor γ can be obtained from the velocity of the boost: γ = 1/ √ 1 − v 2 , where v = P /E. The energy in the center-of-mass frame is related the energy in the lab frame
The phase shift formula is the same as in Eq. 4 but with a modified W
We extend now the phase shift formula to boosted states in an elongated box, with the boost in the elongated direction. The only effect of the elongation is that the summation region P d (γ) changes to
withη −1 m = (m x , m y , m z /η), assuming that the boost and elongation are in the z-direction.
To evaluate the phase shift formula in Eq. 4, we need to compute Z d 00 (s = 1) and Z d 20 (s = 1). The zeta functions as defined in Eq. 1 and Eq. 7 diverge at s = 1 and we need to compute them via an analytical continuation. The details for evaluating these functions are presented in the Appendix A.
B. Interpolating basis
In order to extract several low-lying energy levels from the Euclidean correlation functions, we use the variational method proposed by Lüscher and Wolff [15] . The idea is to construct a correlation matrix using a set of interpolating fields with the same quantum numbers and extract the energy levels by solving an eigenvalue problem. Choosing a set of interpolating fields with different couplings to the the eigenstates of the Hamiltonian helps resolve energy states that are nearly degenerated. In our case the interpolating field set will include both quark-antiquark (single-hadron) and multi-hadron interpolating fields.
The correlation matrix is constructed from two-point functions of all the interpolating fields in the basis. If we denote the N interpolators in the basis with O i with i = 1, . . . , N , the elements of the correlation matrix are
We compute the eigenvalues of the correlation matrix by solving the generalized eigenvalue problem
for a particular initial time t 0 and for each time slice t. For t ∈ [t 0 , 2t 0 ] the eigenvalues were shown to behave as [15, 24] 
where the correction is driven by the energy difference ∆E n = E N +1 − E n . This long-time behavior shows that the larger interpolating basis we use, the faster the correction for the low energy states vanishes. However, since the energy eigenstates get denser in the higher-energy part of the spectrum, the payoff of the variational method decreases as the size of the correlation matrix increases.
As we explained earlier we focus on the states in the A − 2 irrep, mainly because the lowest states in this channel correspond to scattering states where the pions move in the elongated direction. The energy of these states changes as we increase the elongation and we can scan the resonance region. For the volumes considered in this study, the elastic region, E < 4m π , contains only the lowest three or four states and our focus will be on designing a set of interpolators that allows us to compute the energies of these states accurately. Note that as the pion mass becomes lower and the volume is increased there are more multi-hadron states in the elastic scattering energy region and the basis would need to be adjusted accordingly.
To extract these states we need a basis that overlaps both with the resonance state, which is expected to have mainly a quark-antiquark content, and also with the states that have a dominant two-pion content. From a numerical point of view, the quark-antiquark interpolators are advantageous, since they lead after Wick contraction to two-point quark-correlation functions which can be evaluated cheaply using lattice QCD techniques. The four quark-antiquark interpolators are of the form
Here we consider u(t) and d(t) to be the quark field on the entire t time slice, a column vector of size N = 12 × N x × N y × N z , and Γ i (p) to be N × N matrices. To help with notation we define Γ i (p) using
The structure of Γ i (p) for the quark-antiquark interpolators is listed in the first four rows of Table II . Two of the interpolators are point-like and differ only in the gammamatrix structure and the other two involve a covariant derivative
and they involve quark-antiquark pairs separated by one lattice spacing. Unfortunately, the quark-antiquark interpolators overlap very poorly with the multi-hadron state (the overlap is suppressed by a power of the lattice volume [8] ). Therefore we have to include also pion-pion interpolators in our basis. The pion-pion interpolators are constructed to have isospin I = 1 and I 3 = 0, corresponding to ρ 0 :
(19) Here we use
To construct interpolators transforming according to A − 2 representation, we can start with any interpolator that
Interpolator structure for the quark bilinears used in this study. The first four rows are used for the quarkantiquark interpolators and the last row is used for the pionpion interpolators. The elongation is assumed to be in the z-direction and the interpolators are chosen so that the ρ polarization is longitudinal: γ3 and ∇3 need to be changed accordingly if the elongation direction is changed.
has some A − 2 component and project onto the relevant subspace:
where R(g) implements the rotation associated with the symmetry transformation g, and χ A − 2 is the character of g in the A − 2 irrep. For states with zero total momentum, P 0 = p 1 +p 2 = 0 and for non-zero momentum states with P 1 = (0, 0, 1) we use the following interpolators
where P = {(0, 1, 1), (1, 0, 1), (−1, 0, 1), (0, −1, 1)}, is the set of momenta generated by symmetry transformations R(g)p from p = (0, 1, 1) which have p z > 0. The later condition is imposed for different reasons for the ππ (0) and ππ (1) interpolators. In the zero momentum case we impose it because the interpolators ππ(p, −p) and −ππ(−p, p) are identical. For non-zero momentum, the symmetry group transformations mix states with different total momentum, P 1 and −P 1 . When computing the correlation functions of such interpolating fields, the correlation functions between sink and source of different momentum vanish. The non-vanishing contributions connect states with the same total momentum. The expectation values for correlations functions associated with momentum P 1 and −P 1 are the same due to symmetry, so we only need to evaluate the contributions due to momentum P 1 .
The same interpolators for the non-zero momentum case can also be derived using an analysis based on symmetries of the Poincare group on the lattice [25] . In our case the little group for states with momentum P 1 is C 4v and the relevant irrep is A 1 since the longitudinal states have projection 0 + in the momentum direction. We prefer to derive them from projections onto the A − 2 irrep of D 4h to make clear that the connection between energies and phase-shifts is provided by the relation in Eq. 4.
To summarize, we use four quark-antiquark interpolators and two pion-pion interpolators for most ensembles to form a 6 × 6 variational basis. For the ensembles with the largest elongation, N z = 48 for the largest pion mass and N z = 32 for the lowest mass, we add a third pionpion interpolator ππ (i) 002 , for reasons that will be explained later. In principle, six or seven energies can be extracted from the correlation matrix. However, we only focus on the first three lowest energy levels that are located in the elastic scattering region with better signal-to-noise ratio.
C. LapH correlation functions
Our interpolator basis has quark-antiquark and pionpion operators. The correlation matrix will have then three types of entries
Above we used the following notation for the traces produced by Wick contractions
where j k+1 is defined to be j 1 and M −1 (t, t ) = u(t)ū(t ) is the quark propagator between time slices t and t , viewed as a N × N matrix (for more details about the notation see [5] ). Note that Γ i (p) is meant to be Γ i (p). We also note that when P = 0, the number of diagrams that needs to be evaluated is reduced to one for three point functions and to four for four-point functions.
The two-point quark diagrams can be evaluated cheaply by computing the quark propagator from one point on the lattice and using the translational invariance. This is not possible for three and four-point diagrams. In this case the all-to-all propagator needs to be computed which is not practical. The LapH method [20, 26] offers a way to address this problem. This method can be understood as a form of smearing of the quark fields, both at the source and sink, with the added bonus that the calculation can be completely expressed in terms of a quark-propagator reduced to a subspace of slowly moving quark states. The smearing is purely in the spatial direction and it is gauge covariant by construction. As such the smeared quark fields have the same transformation properties under lattice symmetry transformations and interpolators built out of smeared fields have the same quantum numbers as the ones built using the original fields.
The smearing is constructed using the eigenvectors of the three-dimensional covariant Laplace operator,
with the components
This operator is negative-definite and its eigenvalues are all negative. We sort the eigenvalues so that λ 1 (t) > λ 2 (t) > . . .. Using the eigenvectors |s; t of ∆ t corresponding to eigenvalue λ s (t), we define the smearing operator:
which is the projector on the space spanned by the N v lowest frequency eigenmodes of the Laplacean operator.
The smearing operator only acts on the spatial and color space. The smeared quark field is
As mentioned earlier, the bilinearsqΓq have the same transformation properties asqΓq and we can use them as building blocks for the ρ and ππ interpolators defined in the previous section. The advantage of this substitution is that, on one hand, the correlation functions will be less noisy, since the overlap of these interpolators with the physical states is better when we choose N v appropriately.
On the other hand, as we will show below, the calculation of all the correlation functions requires only the evaluation of the quark propagators from 4 × N v × N t sources, which is a significant improvement over evaluating the all-to-all propagator when 4N v N . After Wick contractions, the correlation functions are identical in form with the ones in Eq. 23, but the propagator that appears in the spinorial traces in Eq. 24 is replaced with a smeared version
The traces in Eq. 24 are then replaced with a smeared version
Above, s, s are eigenvector indices and α, β are spinorial indices. These relations can be easily derived using the definition of the smearing operator and the cyclic property of the trace. We note then that the we only require the evaluation of the smeared all-to-all propagatorM −1 which only requires 4N v × N t inversions compared to N ×N t for the all-to-all propagator. For example, even on the smallest lattice used in this study N = 12 × 24 3 = 165, 888 whereas 4N v = 400, a significant reduction.
We also note that the traces are over matrix products with dimensions 4N v . When evaluating a large number of diagrams, the bottleneck becomes the matrix-matrix products. It is then advisable to carefully examine the required products to reduce the calculation. One such simplification can be implemented for matrices in this 4N v space that factorize in a tensor product between the spinorial and Laplacean subspaces. For examplẽ
The multiplication with this matrix can be implemented four times more efficient than when using a full (
The action of the smearing operator S can be illustrated by acting on a point source. The magnitude of (Sδ x )(y) decays like a gaussian away from the source, exp(− x − y 2 /r 2 ). The smearing radius r depends of the on the energy cutoff, Λ = −λ Nv (t). We can determine the optimal Λ by tuning individual operators to minimize the errorbars of the effective mass at a fixed time [20] . In this study, we fix the number of Laplacean eigenvectors to N v = 100. Since the volume varies with the ensemble, the energy cutoff and the smearing radius change with the ensemble too. In Fig. 1 we plot the smearing radius as a function of Λ for the higher mass ensembles. We indicate in the figure the smearing radii for η = 1, 1.25, and 2. Note that the change in the smearing radius from the smallest to the largest volume is about 10%, so the smearing is very similar on all ensembles, with r ≈ 0.5 fm.
Before we conclude we want to make a couple of points about LapH smearing. One benefit of this method is that we can separate the calculation of the smeared quark propagatorM −1 from computing the correlation functions. This is very important when using a large variational basis, especially since it allows to add other interpolating fields to the basis without having to redo the inversions. Another point that we want to stress is that the smearing employed here does not represent an approximation. The smeared interpolating fields have the right symmetry properties even when the number of Laplacean eigenvectors N v is very small. If the number is too small the overlap with the physical states is poor and the signal-to-noise ratio will be bad. Finally, even though the number of inversions is much smaller than the total number required for the all-to-all propagator, we still need to compute 4N v × N t inversions for each configuration: 19,200 and 25, 600 inversions per configuration for the m π = 315 MeV and m π = 226 MeV ensembles, respectively. This calculation was done using a GPU implementation of a BiCGstab inverter [27] . 
D. Fitting method
To extract the mass and width of the resonance we need to fit the phase-shift data using a phase-shift parametrization in the resonance region. For the ρ-resonance a BreitWigner parametrization
describes the phase shift well close to the resonance. For a given box geometry, this parametrization can be used to determine the eigenvalues of the Hamiltonian using Lüscher's formula for A − 2 irrep in Eq. 4. The energies E k satisfying both equations Eq. 33 and Eq. 4 are the expected eigenvalues of the Hamiltonian on periodic boxes with geometry L 2 × ηL. These solutions are functions of the geometry of the box η and the parameters of the Breit-Wigner curve and we will denote them with E k (m ρ , g ρππ ; η). To determine the fit parameters we minimize the chi-square function
where the sum runs over the statistically independent ensembles with different elongations and the residue vector is given by
Above we denote with E (e) k the k th energy extracted from ensemble e and with C e the covariance matrix for these energies. Note that the residue vector includes the residues for both zero-momentum states and boosted-states and thus it has between 6 and 8 entries depending on the ensemble considered. The values for E (e) k and covariance 
The parameters for the ensembles used in this study. The lattice spacing a for each ensemble is listed as well as the number of gauge configurations N cfg and the number of eigenvectors used for LapH smearing. amN , afπ, and afK represent the nucleon mass, pion decay constant and kaon decay constant in lattice units. The two errors for the lattice spacing are stochastic, from the w0/a determination, and a systematic one estimated to be 2%.
matrix C e are given in Appendinx C. The energies are extracted using individual correlated fits and the covariance matrices are estimated using a jackknife analysis.
III. RESULTS
In this section we present the results for the energies and phase-shifts extracted from the ensembles used in this study and discuss some of the salient issues. We have generated configurations using Lüscher-Weiss gauge action [28, 29] and nHYP-smeared clover fermions [19] with two mass-degenerate quark flavors (N f = 2). For each mass we generated three sets of ensembles with different elongations. The elongations were chosen to ensure that the energy spectrum for the zero-momentum states in the A − 2 channel overlaps well with the ρ-resonance region, following the procedure described in a previous study [5] .
The parameters for these ensembles are listed in Table III. A couple of comments regarding the parameters listed in the table. The lattice spacing was determined using an observable based on the Wilson flow [30] : the w 0 parameter [31] . This quantity can be determined with very little stochastic error from a handful of configurations. We used 150 configurations from ensembles E 1 and E 4 and computed w 0 /a = 1.3888 (24) and w 0 /a = 1.4157(37) respectively. These measurements were used to fix the lattice spacing using the conversion factors determined in [32] : we computed the dimensionless quantity y = m 2 π t 0 , determined w 0 (y)/w 0 (y = 0) from Fig.  4 in the above reference, and then converted to physical units using w 0 (y = 0) = 0.1776 (13) fm. This value of w 0 was determined from a set of N f = 2 simulations where f K was used to set the scale [33] . The scale determined this way differs from the scale we used in our previous study [5] by 3.5%, but we attribute this shift to the fact that the value of the Sommer parameter [34] is difficult to define unambiguously on configurations with light quarks. The value we used in our previous study was r 0 = 0.5 fm, but recent determinations of r 0 from global fits of the hadronic spectrum favor smaller values [35, 36] and produce values in agreement with the scale determined based on w 0 . We decided to adopt the scale determined by w 0 because the method is very straightforward and it has small stochastic errors. Note that at fixed lattice spacing in the presence of lattice artifacts, the lattice spacing determination introduces a systematic error. We estimate that our systematic error associated with the lattice spacing is at the level of 2%. To confirm the correctness of the lattice spacing we looked at the nucleon mass, pion and kaon decays constants. We computed the nucleon mass m N and extrapolated to the physical point using an empirically motivated fit form [37] . The extrapolated values agree at the level of 2%, but this may be fortuitous since the error bars of the extrapolation were at the level of 4%. In any case this error level is in line with the expectation from other studies that used HEX-smeared fermions at similar lattice spacing [38] , where the hadronic spectrum was found to be shifted by about 2% relative to the continuum. The values of f π and f K were determined using the procedure outlined in [33] . For the masses used in our study our values for f K differs by less than 1% from the values determined there at much smaller lattice spacing.
For each ensemble we extract the lowest three or four levels in the A − 2 channel, since these levels correspond roughly to the elastic region where the center-of-mass energy is below 4m π . To extract the energies we compute the correlation matrix C(t), solve the eigenvalue problem in Eq. 14, and fit the extracted eigenvalues to an exponential ansatz. In Fig. 2 we show the effective mass computed from the three lowest eigenvalues on the E 1 ensemble. Note that the effective mass does not flatten out until later times. To extract the energy we fit a double exponential function constrained to pass through 1 at t = t 0 :
. For the lowest P = 0 state on ensemble E 3 this fit form does not work, due to wrap-around effects in the time direction [39, 40] . We added a constant term to the fit form to accommodate this effect: f 2 (t) = Ae −E(t−t0) +(1−A−C)e −E (t−t0) +C. We used this fit form with the other zero-momentum states in all the ensembles, but the constant term produced by minimizing χ 2 was compatible with zero. For the moving states, the wrap-around effect leads to a small, slowly decaying term with a rate controlled by the mass difference between the moving pion and the pion at rest δE = m 2 π + (2π/L) 2 − m π [40] . For the states where this contribution was significant, we used the following fit form 
. The fitting details including the choice of t 0 , fitting range, fit form, energy extracted, and quality of the fit are tabulated in Table VI in the Appendix.
We discuss now the choice of the interpolator fields and in particular we address the question whether our interpolating field basis overlaps well with the lowest three energy states in the A − 2 channel. To this end, we compare the energy spectrum extracted using different subsets of the interpolating fields basis. To simplify the discussion we focus first on the E 1 ensemble. The energy spectrum extracted from different interpolating fields basis combinations is plotted in Fig. 3 . In the first panel, we include onlyoperators. While the ground state seems to be well approximated, theoperators have little overlap with the first and second excited states which indicates that they are multi-hadron states. In the second column, we use the ππ 100 operator together with various combinations ofoperators. The ground state and first excited state are well reproduced, even when using only oneinterpolator. However, the second excited state has large error-bars even if we add three otheroperators, which indicates that it has a large multi-hadron component. In the third panel, we use two multi-hadron interpolators: ππ 100 and ππ 011 . Once oneoperator is added to the basis, all three lowest energy states are well determined with small errorbars. Adding moreoperators to the basis does not improve the extraction and we conclude that these lowest three states are well captured by our set of interpolators.
To confirm the conclusion above, we fit a model based on Unitary Chiral Perturbation theory (see Appendix B) to the energy levels extracted from ensemble E 1 and use it to predict the energy levels for different box elongations. The expected energy levels are plotted in Fig. 4 as a function of the elongation. In the graph we also indicate the expected energy levels for two-pion states in the absence of interactions. We see that for elongation η = 1 which corresponds to ensemble E 1 the ground state is not in the vicinity of any two-pion state and thus it is mainly astate, whereas the first two excited states are close to non-interacting two-pion states, which indicates that they have large two-hadron components. That is the On the left we have the mπ = 315 MeV data and on the right the mπ = 226 MeV data. The triangles, squares, and hexagons correspond to data extracted from E1, E2, E3 (left) and E4, E5, E6 (right) respectively. The black curve, error-bands, and fit parameters correspond to Breit-Wigner fit to all data points in the elastic region, Ecm < 4mπ. Blue color indicates the fit to the data in mρ ± 2Γρ region. The UχPT fits are very close to the blue Breit-Wigner curves.
reason why the multi-hadron operators ππ 001 and ππ 011 are required to extract these states reliably. For E 1 and E 2 these multi-hadron operators are sufficient. However, for η = 2.0, the second excited state is no longer near the non-interacting pions moving with back-to-back momentum p = (0, 1, 1), because the state with back-to-back momentum p = (0, 0, 2) has lower energy for this elongation. Note that this level crossing is kinematical in nature rather than due to a resonance. This is a peculiar feature of our geometry due to the fact that the ordering of levels with different transverse momenta changes when going from small elongations to large ones. Thus, in order to extract the second excited state reliably on E 3 and E 6 we need to add the ππ 002 interpolating field to our basis. For these ensembles we use a 7 × 7 correlation matrix and extract four energy levels since the third excited state is very close the the second excited state and below the 4m π threshold. As a result, we will have more data points to fit for the phase shift pattern in next section. The number of energy levels we extracted for each ensemble is listed in Table VI in Appendix C.
IV. RESONANCE PARAMETERS
We extract the resonance parameters by fitting the phase-shift data, or equivalently the energy levels, using two fitting forms: a simple Breit-Wigner form and a model based on Unitarized Chiral Pertubation Theory (UχPT). Note that when fitting the phase shift data, the correlation between E cm and δ(E cm ) has to be taken into account. The Breit-Wigner form is used in most lattice studies of the ρ-resonance since it fits the phase-shift well. This also offers a straightforward way to compare our results with the ones from other studies. The UχPT model provides an alternative parametrization which also captures well the phase-shift behavior in the ρ-resonance region. Its main advantage, and the reason we use it in our study, is that it can be used to fit the data sets at different quark masses simultaneously, and it offers a reasonable way to extrapolate our results to the physical point.
The Breit-Wigner parametrization is described in Eq. 33. In Fig. 5 we show our phase-shifts and the fitted curves. Note that if we try to fit the entire elastic region, E cm < 4m π , the quality of the fit, as indicated by χ 2 per degree of freedom, is not very good. While the curve passes close to our points, our energy level determination is very precise and the Breit-Wigner form is not describing the entire energy range accurately. This is not a serious problem since the Breit-Wigner form is only expected to describe the data well near the resonance. Ideally, we would restrict the fit only to a narrow region around the resonance, but the number of data points included in our fit is also reduced and the fit is poorly constrained. As a compromise we decided to fit the data points that fall in the range E cm ∈ [m ρ − 2Γ ρ , m ρ + 2Γ ρ ]. The fit quality is improved and we will use the results of the narrower fits in the following discussion. For the heavier pion mass the results in lattice units are 
where Γ ρ is the width at the current pion mass and Γ ρ is the width extrapolated to the physical point. The widths are evaluated using Eq. 
We note that the Breit-Wigner fit parameters depend mildly on the range of the fit. The mass of the resonance is very well determined, with stochastic errors of the order of few parts per thousand, and it is insensitive to the fit range. This is because the place where the phase-shift passes through π/2 is well constrained by the lattice data. The coupling g ρππ is only constrained at the level of two percent and it is more sensitive to the fit range, showing a clear drift towards lower values as we narrow the fitting range.
If we are interested in capturing the phase-shift behavior in the entire energy range available, we could use slight variations of the Breit-Wigner parametrization. Indeed we found that the quality of the fit in the full elastic region is improved when adding barrier terms [41] , especially on the larger pion mass ensemble. However, such fitting forms change the way the resonance mass and width are defined making it harder to compare our results directly with other determinations and we will not discuss these results here. We include all the relevant data for the extracted energies and their correlation matrix in Appendix C and invite the interested reader to use it to fit any desired parametrization.
For the Breit-Wigner fit we found that the quality of the fit changes significantly as we vary the pion mass within its error bounds. If the Breit-Wigner fit was known to be the exact description of the phase shift in the elastic region, we could in principle use the pion mass as a fitting parameter in this fit to further constrain its value. Since this is not the case, we did not attempt to do this here.
We turn now to the discussion of the fit using the UχPT model. A description is provided in Appendix B. An important feature is that this model can be used to fit the phase-shift for both quark masses simultaneously. This allows us to extrapolate the results to the physical point and also to assess the corrections due to the missing strange quark mass in our calculation. When considering only the π-π channel, the model requires as input the pion mass, the pion decay constant and two low-energy constants,l 1,2 . The pion mass and decay constants used are the ones in Table III . Note that the model can take directly dimensionless input-am π , af π and the energies aE-so the systematic errors associated with the lattice spacings play no role in the extraction of dimensionless parametersl 1,2 . The error-bars that appear in the tables below reflect just the stochastic error.
In Table IV phase-shift in the elastic region but the quality of the fit is not good when trying to fit all energy range. We restrict the fit range to m ρ ± 2Γ ρ , as we did for Breit-Wigner parametrization. In this range the quality of the fit is reasonable. The resonance mass is determined from the center-of-mass energy that corresponds to a 90
• phaseshift. The width corresponds to the imaginary value of the resonance pole in the complex plane. While these parameter definitions are not the same as the ones determined from the Breit-Wigner fit, the results are consistent as can be seen from the table.
Fitting each quark mass separately produces consistent values forl 1,2 which indicates that the phase-shift dependence on the quark mass is well captured by this model. Since the model is consistent for both quark masses we can do a combined fit which allows us to pin downl 1,2 with even better precision. As can be seen from the table the combined fit quality is similar to the individual ones. We will use these parameters in the subsequent discussion.
Moreover, we can try to estimate the effects due to the strange quark using the UχPT model by turning on the coupling to the KK channel. We fix the ππ → KK and KK → KK transitions from a fit to the physical data, while keepingl 1,2 for the ππ transition at the values we got from fitting our data. The pion decay constant is adjusted to mach the values in Table III . We report these estimates in Table V . More details about the UχPT fit are included in Appending B.
In Fig. 6 we plot our results for the resonance mass together with the UχPT extrapolation, in comparison with results from other lattice groups. It is clear that the extrapolation to the physical point in SU (2) is significantly below the experimental value, missing it by about 50 MeV which is about 8% of the resonance mass. The stochastic error for the extrapolated result is tiny compared with the shift. The systematic error due to the lattice spacing determination is larger, but even this cannot account for the discrepancy. The other possible sources of systematic errors are finite lattice spacing contributions, finite volume corrections, quark mass extrapolation error, and systematics associated with the missing KK channel. The . The other lattice data-points are taken from Lang et al [4] , JLab group studies [8, 10] , and Bali et al [6] . The star corresponds to the physical result. The error-bars shown with solid lines are stochastic. For the extrapolation the gray, thick error-bar indicates the systematic error associated with the lattice spacing determination.
lattice artifacts errors are included in our estimate for the systematic error associated with the lattice spacing determination. To gauge the effect of the lattice volume corrections we compare our results with the ones from a study by Lang et al [4] . This study was carried out on boxes of volume (2 fm) 3 , whereas our study uses boxes of about (3 fm) 3 . We see in Fig. 6 that the results agree and we conclude that the finite volume corrections cannot account for the discrepancy either. The errors associated with the quark mass extrapolation are also expected to be small: in Fig. 6 we show the results of the extrapolation using a simple polynomial extrapolation which at leading order depends on m 2 π [42] [43]. The extrapolation agrees well with the prediction of UχPT in SU (2) . Moreover, a recent calculation by Bali et al [6] close to the physical quark mass is also consistent with our extrapolation.
The likely reason for the discrepancy between the ex- trapolation and the physical result is the fact that the strange quark flavor is not included in our calculation. We note first that the results for UχPT in SU(2) agree very well with the results of in the other N f = 2 studies by Lang and Bali. The results when the strange quark is included are also shown in Fig. 6 (blue band indicating estimated model uncertainties as discussed in Appendix B). Note that the estimated shift is surprisingly large and it reduces the discrepancy substantially. The estimated resonance mass curve agrees quite well with a N f = 2 + 1 lattice calculations reported by the Jlab group [8, 10] . While these estimates are likely affected by systematic errors, we feel that they are accurate enough to indicate that the discrepancy is mostly generated by the absence of the strange quark in our calculation. We note that the magnitude of the shift in the resonance mass due to the inclusion of the KK channel is surprisingly large. The present work stresses the importance of taking into account ππ − KK loops, which is the strength of the prediction of the UχPT model. We will discuss this point in detail in an upcoming publication [44] .
V. CONCLUSIONS
We presented a high-precision calculation of the phaseshift in the I = 1, J = 1 channel for ππ scattering. To scan the resonance region we elongated the lattice in only one direction, which makes the generation of configuration less expensive. We used two sets of ensembles, each with three different elongations, for two different quark masses. To compute the phase-shift we extracted the energies in the A − 2 channel both for states at rest and for states with one unit of momentum in the elongated direction. The required two-, three-, and four-point correlation functions were computed using the LapH method. Elongated boxes have a different symmetry than cubic ones and different Lüscher formulas are required: for the zero-momentum case they were worked out in [18, 47] and in this paper we worked out the required one for states boosted along the elongated direction.
The phase-shifts are broadly described by a BreitWigner parametrization, as expected. However, our calculation is precise enough to show that more sophisticated models are required to describe the variation of the phaseshift in the entire elastic region. It is hoped that our results can be used to validate these models and to constrain their parameters.
The resonance mass and g ρππ coupling are extracted from fitting a Breit-Wigner parametrization in the energy region m ρ ± 2Γ ρ . In Fig. 7 we compare our results with other lattice determinations. Other than the ETMC study, the lattice data seems to be split in two groups: N f = 2+1 results (PACS [1] and Jlab [8, 10] ) which are in agreement with N f = 2 + 1 expectations from UχPT [45] , and N f = 2 lattice data (Lang et al [4] , Bali et al [6] , and this work) that agrees with a N f = 2 UχPT model fit to our data. [3] and PACS from [1] . The band in the left plot indicates a N f = 2 + 1 expectation from UχPT model constrained by some older lattice QCD data and some other physical input [45] . The dotted line in the right plot indicates the gρππ that corresponds to the physical rho width [46] .
For the resonance mass, we performed an extrapolation to the physical mass using a UχPT model, which we found can describe well the phase-shift data at both quark masses using the same parameters. The extrapolation results are consistent with extrapolations based on other models [42] and other N f = 2 lattice calculations, as discussed before. The extrapolated results differ significantly from the physical one and we argue that this is due to the absence of the strange quark in our calculation.
For the quark masses used in this study, we did not find evidence of significant finite volume effects. However, as we lower the pion mass, larger volumes would most likely be required. The original LapH method might turn out to be too expensive to apply directly, but a stochastic variant was already developed and showed to work well [11] . Note that we did not include these data points in Fig. 7 because this study is using the same ensemble as the Jlab group study [10] and their results are compatible with the ones computed by the Jlab group, albeit with slightly larger errorbars.
Turning to the future, as far as phase-shifts in the ρ resonance channel are concerned, we seem to have moved beyond proof-of-principle calculations and toward precision determinations. We anticipate that in the near future precise calculations at the physical point might be possible that will give us access directly to phase-shifts to be compared to values extracted from physical data. For example, it would be interesting to see whether phaseshifts close to threshold match chiral perturbation theory expectations, which at leading order are controlled solely by m π and f π . The phaseshifts calculated in this study do not agree well with this prediction even for the data points closest to the threshold. Note that even the experimental determined phases also do not agree with the lowest order chiral perturbation predictions.
Other channels are also of interest, for example the I = 0 channel where the broad sigma resonance is expected to appear, π-K scattering in the K * channels, baryon-meson scattering, etc. We plan to investigate some of these channels in the near future.
with
(A2) The series above is only convergent when Re s > l + 3/2 but the zeta function needs to be evaluated at s = 1. The function defined by the series above can be analytically continued in the region Re s > 1/4. The analytic continuation is done following Lüscher [16] and Rummukainen [17] using the heat kernel expansion
This relation is obtained using Poisson's summation formula
The spherical projected kernel K lm is defined as K lm = Y lm (−i∇)K which can be written as
Using the truncated kernels
we define the zeta function by separating the series terms in two groups, a finite set close to the origin that remains in the original form, and the rest that will be evaluated via an kernel integral:
For the integral on the t ∈ [1, ∞] range, the heat kernel expansion in terms of exp(in · x − tn 2 ) is used, and on the t ∈ [0, 1] range, the expansion in terms of exp[−(x + 2πn) 2 /4t] is used. In both cases the series converges the slowest around t = 1: for the t ∈ [1, ∞] range large n terms contribute exp(−t(n 2 − q 2 )) and on the t ∈ 
and the notation used is:
These functions can be expressed in terms of Euler gamma function and exponential integral function
We have
Therefore, the zeta function can be simplified to
Y 00 (n)J 00 (s, q, |n|)
For the case of interest, s = 1, the J 00 and I 00 integrals areJ
Similarly, for s = 1, the I 20 integral can simplify to
where the error function is defined as
All the relations above work for n 2 − q 2 = 0. The series are divergent at the points where n 2 = q 2 . To avoid this trivial divergence these points are removed from the summation, that is
This basically amounts to replacing 1/(n 2 − q 2 ) with 0 when n 2 = q 2 . In the simplified expressions above this is equivalent to settinḡ
when q 2 = |n| 2 . This is because the convergent counterpart J lm (s, q, |n|) = 1/sΓ(s) for s > 0 when q 2 = n 2 and the sum ofJ lm and J lm is 1/(n 2 − q 2 ) which is replaced with 0.
For the elongated box case the zeta functions also depend on the elongation factor η. The only difference is the domain of the summation which becomes
whereγ andη are defined in Eq. 9 and Eq. 12. In sum, they can be calculated as Chiral Perturbation Theory (χPT) is successful in describing the meson-meson interaction at low energies [48, 49] . However, the convergence of the amplitude expansion in powers of the meson momenta becomes slow when the energy increases. Moreover, the perturbative expansion fails in the vicinity of resonances, such as σ or ρ mesons. To describe the resonant phase shifts and inelasticities extracted from meson-meson scattering, one needs to extend the theory to higher energies. Unitarized Chiral Perturbation Theory (UχPT) is a nonperturbative method which combines constraints from chiral symmetry and its breaking and (coupled-channel) unitarity. The method of Ref. [21] uses the O(p 2 ) and O(p 4 ) chiral Lagrangians together with a coupled-channel scattering equation which implements unitarity, and is able to describe the meson-meson interaction up to about 1.2 GeV. The resulting amplitudes show poles in the complex plane that can be associated with the known scalar and vector resonances. In the context of the Inverse Amplitud method [50] [51] [52] [53] [54] , the two-meson scattering equation reads [21] 
In Eq. B1, G is a diagonal matrix whose elements are the two-meson loop functions, evaluated in our case in dimensional regularization in contrast to the cut-off-scheme used in the original model of Ref. [21] :
for the channel i, E is the center-of-mass energy, and m 1,2 refers to the masses of the mesons 1, 2 in the i channel. Throughout this study we use µ = 1 GeV and a natural value of the subtraction constant α(µ) = −1.28.
For the case of the π −π interaction with (I = 1; L = 1), the kernel of Eq. B1, V (ππ), can be expressed as [21] 
where specific combinations of LECs have been intro-
Note that these are not identical to the SU(2) CHPT low-energy constants. The one-channel reduction given by Eq. B4, which contains the lowest-and next-to-leading order contributions, constitutes the fit model for the N f = 2 lattice data of this study.
Coupled channel case (ππ − KK)
In this section we describe the meson-meson interaction in terms of the partial-wave decomposition of the amplitude and apply it to the case of the ππ − KK system with quantum numbers (L = 1; I = 1). The partial wave decomposition of the scattering amplitude of two spinless mesons with definite isospin I can be written as
In the case of two coupled channels, T IJ is a 2 × 2 matrix whose elements (T IJ ) ij are related to S matrix elements through the equations (omitting the I, J labels from here on)
with p 1 , p 2 the center-of-mas momenta of the mesons in channel 1 (ππ) or 2 (KK) respectively, that is p i = (E/2) 2 − m 2 i . The S-matrix can be parametrized as
(B8) The interaction in the ππ − KK system, is evaluated from the O(p 2 ) and O(p 4 ) Lagrangians of the χPT expansion [48, 49] . The potentials, V 2 and V 4 , projected in I = 1 and L = 1 are [21]
and
The two-channel T -matrix is evaluated by means of Eq. B1. Note that the channel transitions in Eqs. B9 and B10 depend on four low energy constants,l 1 ,l 2 , L 3 and L 5 .
Meson-meson scattering in the finite volume and
UχPT model
In Refs. [22, 55, 56] , a formalism has been developed that is equivalent to the Lüscher framework up to exponentially suppressed corrections. The formalism is summarized in this section. Given the two-meson-interaction potential, as the V with the O(p 2 ) and O(p 4 ) terms in the χPT expansion, that is Eqs. B2, B9 and B10, the scattering amplitude in the finite volume can be written as,T
, similarly to Eq. B1 in the infinitevolume limit. In the case of boxes with asymmetry η in the z direction,G can be evaluated as,
where the channel index has been omitted. Here,
where q = 2π L (n x , n y , n z /η). The sum over the momenta is cut off at q max . The formalism can also be made independent of q max and related to the subtraction constant in the dimensional-regularization method, α (as in the continuum limit), see Ref [57] ,
where G DR stands for the two-meson loop function given in Eq. B3. For energies E i which correspond to poles of T , i.e., the energy eigenvalues in the finite volume, we can obtain the T matrix in the infinite volume,
which is independent of the renormalization of the individually divergent expressions.
In the general multi-channel case, the energy spectrum in a box, predicted by UχPT, is found as solution of the equation
As has been shown in Ref. [22] , the formalism of Refs. [22, 55, 56] is equivalent to the Lüscher approach up to contributions which are exponentially suppressed with the volume. In what follows, we refer to Ref. [58] for the generalization of the formalism to moving frames. The formalism of Ref. [58] is generalized to include partial wave mixing and coupled channels, but in the current study the F wave is neglected.
For an equal-mass system interacting in p-wave and moving with P = 2π ηL (0, 0, 1) in the direction of the elongation of the box, we find the following relations,
−1 + V (ππ)G 10,10 = 0 (B17)
withG lm,l m given in Ref. [58] but modified as in Eqs. B13 and B14 by the elongation factor η. Above, V (ππ) is from Eq. B4. The above relations are used to fitl 1 ,l 2 directly to the energy levels in the finite volume.
We have also checked that the numerical results for the phase shifts derived from Eq. B17 are very similar to those in Appendix A when the argument of the integrand I(E, q ) from Eq. B13 is replaced as described in Ref. [22] ,
, to remove exponentially suppresed contributions and ensure comparability with the Lüscher formalism. See also Eq. 18 of Ref. [58] for the replacement in case of moving frames. In any case, these exponentially suppressed contributions are small in the present case.
UχPT fit results
The combined UχPT fit to eigenvalues at both pion masses is discussed in Sec. III. We do not display the fit because it is almost indistinguishable from the blue [59] . curves in Fig. 5 . The result of the chiral extrapolation is shown in Fig. 8 with the red band indicating the statistical uncertainties. The experimental data of Ref. [59] are depicted with circles. As one can see, the N f = 2 extrapolation remains far from the experimental data.
The two-channel UχPT formalism allows to estimate the effect of the missing strange quark in terms of the KK channel. For this, the T -matrix scattering amplitude, Eq. B1, is evaluated with the kernel V from Eqs. B2, B9 and B10. The LECs in the ππ → ππ transitionl 1 and l 2 are fixed at their values from the combined fit to the N f = 2 lattice data (see Table IV ).
The combinations of LECs appearing in the ππ → KK and the KK → KK transitions of Eq. B10 are different from those of ππ → ππ and taken from a global fit to ππ and πK experimental phase shift data, similar as in Ref. [62] . Statistical uncertainties from this source are not considered, because they are smaller than those from lattice data. The relevant values from this fit are L 3 = −3.01(2) × 10 −3 and L 5 = 0.64(3) × 10 −3 ,l 1 = 0.26(5) × 10 −3 ,l 2 = −3.96(4) × 10 −3 . However, note thatl 1 andl 2 also appear in the ππ → KK and the KK → KK transitions (see Eq. B10). It is then not clear which values ofl i to use in these transitions. We have tested two variants:
1. Evaluate the ππ → KK and KK → KK transitions with thel 1 andl 2 from the fit to N f = 2 lattice data.
2. Set all the LECs involved in the ππ → KK and KK → KK transitions to the LECs from the mentioned fit to experimental data.
As Table IV shows, thel i from the fit to N f = 2 lattice data are similar to the ones quoted above, but not entirely compatible. The result of the 2 → 3 flavor extrapolation with these two variants is shown in Fig. 8 with the two blue curves connected by the blue band. The difference between these two strategies leads to about 20 MeV difference in the mass of the ρ(770) meson which gives an estimation of the uncertainties from model consistency.
Even though the KK channel has a significant impact on the mass of the ρ, the elasticity remains close to unity when this channel is open. This is shown in Fig. 9 (left) . The KK-phase shift is small and negative, as shown in Fig. 9 (right) . It has the same sign as determined in Ref. [10] at an unphysical pion mass.
Before we conclude, we want to address a possible concern regarding the four-pion channel, which we believe to have a negligible effect on our results and conclusions. The effect is expected to be small because the branching ratio of ρ to four pions is smaller than 2 × 10 −3 [46] . The lattice simulation includes the four-pion channel and the UχPT model used here takes this effects into account only implicitly, through a shift in the values of the fitted low energy constants. At the simulation points the effect is thus, at least approximately, included and the main . Left: Elasticity of ππ → ππ at physical pion masses compared with experimental determinations [59] . The dashed line shows the inelasticity due to the KK channel alone as derived in reference [60] from the Roy-Steiner solution in reference [61] . Right: Phase shift δ2(KK → KK). In this figure we only show the result of variant 2 discussed in the text (results for variant 1 are very similar).
uncertainty comes from the chiral extrapolation. This is fundamentally different from the K-K channel which is absent in the lattice simulation. We believe that the uncertainty in the extrapolation is small, since the model fits our data at two different pion masses consistently and the extrapolation agrees very well, as can be seen from Fig. 6 , with another N f = 2 lattice calculation very close to the physical point [6] . In summary, even with the discussed theoretical uncertainty, the shift of the ρ mass by the KK channel is significant and leads to a surprisingly good post-diction of experiment.
Appendix C: Extracted energies and correlation matrices
In this section, we tabulate the details about fittingfitting ansatz and fitting windows-for each energy level and for each ensemble used in this study. These details are reported in Table VI .
As we discussed in Section II D, to determine resonance parameters by fitting a functional description to our phaseshifts we need to take into account cross-correlations between the extracted energies. The energies extracted from different ensembles are uncorrelated, but there will be correlations between the levels extracted from the same ensemble. We computed these covariance matrices using a jackknife procedure. These matrices are listed in Table VII TABLE VII. Covariance matrices for the energies extracted from each ensembles. In the left column from top down we list the ensembles E1,2,3 corresponding to mπ ≈ 315 MeV and on the right E4,5,6 corresponding to mπ ≈ 226 MeV. The order of the levels in each matrix corresponds to the order they appear in Table VI. 
